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ON CLASS NUMBERS, TORSION SUBGROUPS, AND QUADRATIC
TWISTS OF ELLIPTIC CURVES
TALIA BLUM, CAROLINE CHOI, ALEXANDRA HOEY, JONAS ISKANDER, KAYA LAKEIN, AND
THOMAS C. MARTINEZ
Abstract. The Mordell-Weil groups E(Q) of elliptic curves influence the structures of their
quadratic twists E
−D(Q) and the ideal class groups CL(−D) of imaginary quadratic fields. We
define a family of homomorphisms Φu,v : E(Q) → CL(−D) for particular negative fundamental
discriminants −D := −DE(u, v), which we use to simultaneously address questions related to
Goldfeld’s Conjecture on ranks of quadratic twists, the Cohen-Lenstra heuristics, and Gauss’s
class number problem. Specifically, let r be the rank of E(Q), and define ΨE to be the set of
suitable fundamental discriminants −D < 0 with positive integers u, v such that (i) the point
( − u
v
, 1
v2
) ∈ E
−D(Q) has infinite order, (ii) Etor(Q) is a subgroup of CL(−D), and (iii) for an
explicit function fE(u, v) and a computable constant c(E), we have the lower bound
h(−D) ≥ fE(u, v), where fE(u, v) ∼ c(E) log(D) r2
as D →∞. Then for any ε > 0, we show that as X →∞, we have
# {−X < −D < 0 : −D ∈ ΨE} ≫ε X 12−ε.
In particular, if ℓ ∈ {3, 5, 7} and ℓ | |Etor(Q)|, then the number of such discriminants −D for
which ℓ | h(−D) is ≫ε X 12−ε. Moreover, assuming the Parity Conjecture, our results hold with
the additional condition that rQ(E−D) ≥ 2.
1. Introduction and statement of results
Gauss proved that ideal class groups CL(−D) of imaginary quadratic fields Q(√−D) are finite
abelian groups isomorphic to the groups of positive definite integral binary quadratic forms of
discriminant −D < 0. Although Gauss conjectured that the class number h(−D) tends to infinity
as D → ∞, no lower bound on class numbers was established until the 1930s, when Siegel [26]
proved that for any ε > 0, there exist constants c1(ε), c2(ε) > 0 for which
c1(ε)D
1
2
−ε ≤ h(−D) ≤ c2(ε)D 12+ε.
However, because the constant c1(ε) depends on the truth or falsity of the Generalized Riemann
Hypothesis, Siegel’s lower bound is not effective. In the 1980s, Goldfeld [12, 14], Gross and
Zagier [17], and Oesterle´ [24] used deep results on the Birch and Swinnerton-Dyer Conjecture to
prove the effective lower bound
(1.1) h(−D) > 1
7000
log(D)
∏
p |D prime
p 6=D
(
1− ⌊2
√
p⌋
p + 1
)
.
Recent work improves on this bound by exploiting ideal class pairings E(Q) × E−D(Q) →
CL(−D), first studied by Buell, Call, and Soleng [2, 3, 28]. Griffin, Ono, and Tsai [15, 16] obtain
an effective lower bound of the form h(−D) ≥ c1(E) log(D) r2 for certain families of discriminants,
which improves on (1.1) when r := rQ(E) ≥ 3.
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A famous conjecture of Goldfeld asserts that for a given elliptic curve, asymptotically half of
all quadratic twists have rank 0 (resp. 1), which raises the question of how many quadratic twists
have rank at least 2 [13]. Stewart and Top [30, Theorem 3] unconditionally prove a lower bound
of the form
#{−X < −D < 0 : rQ(E−D) ≥ 2} ≥ c2(E) · X
1
7
log(X)2
,
where c2(E) is a constant depending on the elliptic curve. However, improved lower bounds can
be obtained by assuming the Parity Conjecture.
Parity Conjecture. Let E/Q be an elliptic curve with Hasse-Weil L-function L(E, s), and let
ǫ ∈ {±1} be the sign of its functional equation. Then rQ(E) ≡ 0 (mod 2) if and only if ǫ = 1.
Gouveˆa and Mazur [11, Theorem 2] assume the Parity Conjecture and obtain the lower bound
#{−X < −D < 0 : rQ(E−D) ≥ 2} ≫ε X 12−ε.
Moreover, assuming the Parity Conjecture, Griffin, Ono, and Tsai prove for a particular family
of elliptic curves that the number of fundamental discriminants −X < −D < 0 for which their
lower bound for h(−D) applies and the rank of E−D is at least 2 is asymptotically greater than
X
1
2
−ε [16, Theorem 1.2].
In addition to using ideal class pairings to obtain lower bounds for class numbers and ranks
of quadratic twists, it is natural to ask whether they can also be used to study the structures of
class groups. In the 1980s, Cohen and Lenstra [4] conjectured that for any odd1 prime ℓ,
lim
X→∞
#{−X < −D < 0 : ℓ | h(−D), −D fundamental}
#{−X < −D < 0 : −D fundamental} = 1−
∞∏
k=1
(
1− 1
ℓk
)
.
However, little is known about the truth of their conjecture. Davenport and Heilbronn [5]
proved a lower bound on the density of the class numbers h(−D) which are not divisible by 3,
and Kohnen and Ono [21] proved a lower bound for the number of h(−D) not divisible by any
odd prime. The current best lower bound for the number of h(−D) divisible by an odd prime ℓ
is due to Soundararajan [29]:
#{−X < −D < 0 : ℓ | h(−D), −D fundamental} ≫ X 12+ 1ℓ .
Note that these lower bounds fall short of a positive proportion of the negative fundamental
discriminants, and that X
1
2 is considered the current standard.
In this paper, we prove a result that simultaneously addresses lower bounds for class numbers,
the structures of class groups, and ranks of quadratic twists by studying a family of maps
Φu,v: E(Q)→ CL(−DE(u, v))
defined in Section 2, where −DE(u, v) is the family of negative discriminants defined by
−DE(u, v) = −4dE(u, v) := −4v (u3 + a4 uv2 − a6 v3), u, v ∈ Z+.
1 For fundamental discriminants −D < 0, Gauss’s genus theory shows that h(−D) is odd if and only if we
have D = −4, D = −8, or D = −p for some prime p ≡ 3 mod 4.
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We consider elliptic curves of the form E : y2 = x3+a4x+a6 with a4, a6 ∈ Z, and their quadratic
twists given by the non-standard model
E−D : −D
4
· y2 = x3 + a4x+ a6.
We define a notion of map-suitable pairs (u, v) ∈ Z2 in Section 2, and we prove that the maps
Φu,v have the following property for all such pairs (u, v).
Theorem 1.1. If the integer pair (u, v) is map-suitable, then the map Φu,v : E(Q)→ CL(−DE(u, v))
is a homomorphism.
To state our applications of Theorem 1.1, we first fix some notation. Recall that if P =(
A
C2
, B
C3
) ∈ E(Q), where gcd(A,C) = gcd(B,C) = 1, then the na¨ıve height of P is defined by
H(P ) = H(x) := max(|A|, |C2|), its Weil height is hW (P ) := log(H(P )), and its canonical height
is given by
hˆ(P ) :=
1
2
· lim
n→∞
hW (nP )
n2
.
We denote the j-invariant and discriminant of an elliptic curve E by j(E) and ∆(E), respectively.
Let Ωr := π
r
2/Γ
(
r
2
+ 1
)
denote the volume of the Rr-unit ball, and let P = {P1, . . . , Pr} be a
set of r linearly independent points of infinite order in E(Q). We define the regulator and the
diameter of P by
(1.2) RQ(P) := det(〈Pi, Pj〉)1≤ i , j≤ r and d(P) := max
δi∈{0 ,±1}
2hˆ
(
r∑
i=1
δiPi
)
,
respectively, where 〈Pi, Pj〉 := 12
(
hˆ(Pi + Pj)− hˆ(Pi)− hˆ(Pj)
)
denotes the Ne´ron-Tate height
pairing. For notational convenience, we also define the constants
(1.3) cG(P) := |G|√
RQ(P)
· Ωr and δ(E) := 1
8
hW (j(E)) +
1
12
hW (∆(E)) +
5
3
for a subgroup G of Etor(Q). For 0 < ε <
1
2
, let
(1.4) TE(u, v, ε) :=
1
8
log
(
4 dE(u, v)
1−ε
uv + v2
)
− δ(E)
4
.
We consider how the homomorphism Φu,v defined in Section 2 acts on E(Q) to obtain the
following result.
Theorem 1.2. Suppose P is a set of linearly independent points in E(Q) and G is a subgroup of
Etor(Q). Let 0 < ε1 <
1
2
, and let ΨE denote the set of fundamental discriminants −DE(u, v) < 0
with u, v > 0 such that the following are true.
(1) The point
(−u
v
, 1
v2
) ∈ E−DE(u,v)(Q) has infinite order.
(2) We have that h(−DE(u, v)) ≥ cG(P) · (TE(u, v, ε1) r2 − r
√
d(P) · TE(u, v, ε1) r−12 ).
(3) The class group CL(−DE(u, v)) contains a subgroup isomorphic to Etor(Q).
Then for any ε2 > 0, we have
(1.5) # {−X < −D < 0 : −D ∈ ΨE} ≫ε2 X
1
2
−ε2.
Moreover, if the conductor N(E) is not a perfect square and 4N(E) divides a4 and a6, then
assuming the Parity Conjecture, we may also require that rQ(E−DE(u,v)) ≥ 2.
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Remark. The condition that a4 and a6 are divisible by 4N(E) can be guaranteed by choosing an
appropriate model for E. In practice, the condition that N(E) is not a perfect square may also
be avoided by introducing an auxiliary twist into the proof.
To indicate that it is easy to find examples for which the bound given in Theorem 1.2 improves
on (1.1), we apply Theorem 1.2 to several explicit infinite families of elliptic curves with high
rank and specified torsion subgroup. Recall that Mazur’s Theorem [23] completely classifies all
torsion subgroups of elliptic curves over Q:
Etor(Q) =
{
Z/kZ, for k = 2, . . . , 10, and 12,
Z/2Z× Z/2mZ, for m = 1, . . . , 4.
Infinite families of elliptic curves with positive rank are known for all torsion subgroups except
Z/9Z, Z/10Z, Z/12Z, and Z/2Z × Z/8Z [6]. Using the infinite families described in [6, 7, 8, 9,
10, 19, 20, 22], we obtain explicit lower bounds for h(−D) that often improve on (1.1).
Theorem 1.3. Let S := {Z/nZ : 2 ≤ n ≤ 8} ∪ {Z/2Z × Z/2nZ : 1 ≤ n ≤ 3}. Then for
each group G ∈ S, there exists an infinite family2 EG of elliptic curves such that the following
conditions hold:
(1) There exist integral polynomials a4(t1, . . . , tk) and a6(t1, . . . , tk), with k = 2 if G = Z/2Z,
k = 3 if G = Z/3Z, and k = 1 otherwise, such that each element of EG is modeled by the
curve y2 = x3 + a4(t1, . . . , tk)x+ a6(t1, . . . , tk) for some t1, . . . , tk ∈ Z.
(2) For all but finitely many E ∈ EG, there exists a set P of rmin(E) linearly independent
points in E(Q) whose coordinates are rational functions in t1, . . . , tk.
(3) For each E ∈ EG, if we have E : y2 = x3 + a4(t1, . . . , tk)x + a6(t1, . . . , tk), then there
exist positive constants mE and µE such that the value of cG(P) is greater than the value
cmin(P) given in the following table3, where T := log(maxi|ti|+mE) + µE.
Torsion Subgroup rmin(E) cmin(P) mE µE
Z/2Z 8 1.586× 10−6 · T−4 17 0.26
Z/3Z1 6 3.786× 10−7 · T−3 2 1.43
Z/3Z2 6 1.694× 10−6 · T−3 2 1.49
Z/3Z3 6 1.694× 10−6 · T−3 2 0.76
Z/4Z 5 1.693× 10−6 · T− 52 2 0.19
Z/5Z 2 6.732× 10−1 · T−1 2 0.56
Z/6Z 2 7.968× 10−1 · T−1 2 0.62
Z/7Z 1 3.315× 100 · T− 12 3 0.33
Z/8Z 2 2.990× 10−1 · T−1 6 0.25
Z/2Z× Z/2Z 6 1.808× 10−7 · T−3 1 0.20
Z/2Z× Z/4Z 4 1.016× 10−2 · T−2 1 0.86
Z/2Z× Z/6Z 2 9.058× 10−1 · T−1 3 0.24
Table 1. Lower bounds for cG(P) where E has a specified torsion subgroup.
2We give explicit formulas for these families of elliptic curves in Appendix A.
3The family of elliptic curves with torsion subgroup Z/3Z has 3 parameters, two of which were fixed (t1 =
2, t2 = 4, t3 = 6) to compute the values listed in Table 1. The subscript indicates the parameter that was varied.
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This paper is organized as follows. In Section 2, we define the map
Φu,v(x, y) : E(Q)→ CL(−DE(u, v))
and prove Theorem 1.1. Using this result, in Section 3 we give an explicit lower bound for
h(−DE(u, v)). Finally, in Section 4, we use a theorem of Gouveˆa and Mazur [11] to count the
number of discriminants in our family −DE(u, v) that fulfill the criteria given in Theorem 1.2.
A discussion of Theorem 1.3 is given in Appendix A.
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2. A Homomorphism from Elliptic Curves to Class Groups
Motivated by the ideal class pairings E(Q) × E−D(Q) → CL(−D) studied by Buell, Call,
Soleng, Griffin, and Ono [2, 3, 15, 28], we define a map Φu,v : E(Q) → CL(−DE(u, v)) for the
infinite family of discriminants −DE(u, v). For convenience, we will say that a pair (u, v) ∈ Z2
is map-suitable if the values u, v, 3u2 + a4v
2, and dE(u, v) are positive.
Suppose (u, v) ∈ Z2 is map-suitable and −DE(u, v) is a negative fundamental discriminant.
Let P = ( A
C2
, B
C3
) ∈ E(Q) be such that gcd(A,C) = gcd(B,C) = 1, and let a := Av + C2u,
g := gcd(C, v). We will show that there exist integers µ with C
3
g2
µ ≡ 1 (mod va
g2
) so that Φu,v(P )
as defined below is a discriminant −DE(u, v) positive definite binary quadratic form:
(2.1) Φu,v(P ) :=
[
va
g2
· x2 + 2µ Bv
2
g2
· xy + µ
2 B2v4
g4
+ dE(u, v)
va
g2
· y2
]
.
For the point at infinity O ∈ E(Q), we define Φ(O) to be the identity form.
Theorem 2.1. Assuming the notation and hypotheses above, the map Φu,v : E(Q)→ CL(−DE(u, v))
is well-defined. Furthermore, if Φu,v(P ) is the identity in CL(−DE(u, v)), then we have either
v | C or va
g2
≥ dE(u, v).
Two Remarks.
(1) Although the statement of Theorem 2.1 does not assign special significance to the param-
eters u and v, in analogy to ideal class pairings, one may view them as specifying a point
Q = (−u
v
, 1
v2
) on the quadratic twist E−DE(u,v)(Q).
(2) If −DE(u, v) is a fundamental discriminant, then v is square-free and gcd(u, v) = 1.
Proof. A straightforward computation shows that the form in (2.1) has discriminant −DE(u, v).
We start by showing that since (u, v) is map-suitable, the form Φu,v(P ) is positive definite for
any P ∈ E(Q). Note that the coefficient of each power of x in the polynomial expression
( − u
v
− x)3 + a4( − uv − x) + a6 is negative. Thus, x3 + a4x + a6 < 0 for all x ≤ −uv , implying
that A
C2
> −u
v
, or equivalently, a = C2v( A
C2
+ u
v
) > 0.
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Next, we show that the congruence C
3
g2
µ ≡ 1 (mod va
g2
) has a unique solution modulo va
g2
.
Suppose p is a prime such that p | C3
g2
and p | va
g2
= v(Av+C
2u)
g2
, i.e., g2p | C3 and g2p | v(Av+C2u).
In particular, we see that p | C and p | v(Av +C2u), so v(Av +C2u) ≡ Av2 ≡ 0 (mod p). Since
A and C are coprime, we obtain p | gcd(C, v) = g. Consequently, p3 | v(Av+C2u), which implies
that p2 | Av+C2u because v is square-free. This yields Av ≡ 0 (mod p2) and hence p2 | v, which
is impossible. Thus, gcd(C
3
g2
, va
g2
) = 1.
We now show that the form in (2.1) has integral coefficients. The first two coefficients are
clearly integers. For the third, note that we have B2v4 = v(A3v3 + a4AC
4v3 + a6C
6v3) because
P ∈ E(Q), and C6dE(u, v) = v(C6u3 + a4C6uv2 − a6C6v3) by the definition of dE(u, v). This
allows us to write
B2v4+C6dE(u, v) = v(A
3v3+C6u3+a4C
4v2(Av+C2u)) = va(A2v2−AC2uv+C4u2+a4C4v2),
which in particular yields that va | B2v4 + C6dE(u, v). From this, we see that
µ2
(
Bv2
g2
)2
+ dE(u, v) ≡
(
C3
g2
)−2((
Bv2
g2
)2
+
C6dE(u, v)
g4
)
≡ 0
(
mod
va
g2
)
.
To see that (2.1) represents a single equivalence class under the action of SL2(Z), simply note
that if µ1 and µ2 satisfy
C3
g2
µ1 ≡ C3g2 µ2 ≡ 1 (mod vag2 ), then µ1 ≡ µ2 (mod vag2 ), so the correspond-
ing forms are properly equivalent under the SL2(Z) transformation x 7→ x+ (µ2−µ1)Bva y, y 7→ y.
Finally, if P = ( A
C2
, B
C3
) maps to the identity, then by comparing the first coefficient of the
corresponding form to that of the identity form acted upon by a general element of SL2(Z), one
can verify that we must have va
g2
= α2 + dE(u, v)γ
2 for some coprime α, γ ∈ Z. If γ = 0, then
α2 = 1 and so va
g2
= 1, from which it easily follows that v | C. Otherwise, we easily obtain
va
g2
≥ dE(u, v)γ2 ≥ dE(u, v) as required. 
To prove Theorem 1.1, we use Bhargava’s formulation of the various composition laws for
binary quadratic forms [1, Section 2]. For the remainder of this section, let Pi = (
Ai
C2i
, Bi
C3i
) ∈ E(Q)
for 1 ≤ i ≤ 3 be finite points with P1 + P2 + P3 = O, and let l y = mx + n with l, m, n ∈ Z
be the line whose intersections with E are precisely the points Pi, counting multiplicities. For
convenience, we will let i, j, and k denote three distinct indices. Set d := dE(u, v), C := C1C2C3,
M := C · m
l
, N := C · n
l
, b := Nv−Mu, ai := Ai v+C2i u, and gi := gcd(Ci, v). Moreover, choose
µi, ℓi ∈ Z such that C3i µi + v ai ℓi = g2i , and set qi := b v ℓi−M Ci µigi . Lastly, define the values
ρ := v · C
g1 g2 g3
, ψi := v · qi
gj gk
, φi :=
v qj qk − ai gj gk
C gi
,
and
θ :=
1
C2
(v q1 q2 q3 − a1 g2 g3 q1 − a2 g1 g3 q2 − a3 g1 g2 q3 + 2 b g1 g2 g3) .
Then we have the following lemma.4
4The proof that φi, θ are integral is due to Zhang [31].
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Lemma 2.2. Under the above hypotheses, the Bhargava cube
φ3
ψ1 φ2
θ
ψ2
ρ ψ3
φ1
is integral and primitive of discriminant −DE(u, v) with associated quadratic forms
Qi(x, y) :=
v ai
g2i
· x2 + 2µi Bi v
2
g2i
· xy +
µ2i
B2i v
4
g4i
+ d
v ai
g2i
· y2.
By direct computation, one verifies that the given cube has the desired discriminant and
associated forms, so it remains only to show that the cube is integral. To do so, we will use the
following identities.
Lemma 2.3. Under the above hypotheses, we have
a1 a2 a3 v = b
2 v2 + C2 d,(2.2)
A1A2A3 = N
2 − a6C2,(2.3)
a2 a3C
2
1 + a1 a3C
2
2 + a1 a2C
2
3 = −2Mbv + C2 (3 u2 + a4 v2),(2.4)
A2A3 C
2
1 + A1A3C
2
2 + A1A2C
2
3 = −2MN + a4C2,(2.5)
a1C
2
2 C
2
3 + a2 C
2
1 C
2
3 + a3C
2
1 C
2
2 = M
2 v + 3C2 u,(2.6)
A1C
2
2 C
2
3 + A2 C
2
1 C
2
3 + A3C
2
1 C
2
2 = M
2.(2.7)
Furthermore, we have the divisibility conditions
Ci Cj |MN + AiAj C2k ,(2.8)
Ci Cj | AiAj M + Ai C2j N + Aj C2i N.(2.9)
Proof. Because P1 + P2 + P3 = O by hypothesis, we have(
x− A1
C21
)(
x− A2
C22
)(
x− A3
C23
)
= x3 + a4x+ a6 −
(m
l
x+
n
l
)2
,
or equivalently,(
x− a1
C21v
)(
x− a2
C22v
)(
x− a3
C23v
)
=
(
x− u
v
)3
+ a4
(
x− u
v
)
+ a6 −
(m
l
(
x− u
v
)
+
n
l
)2
.
Expanding these equations, cross-multiplying, and comparing coefficients yields the first six
identities. To obtain the divisibility condition (2.8), we will show that C2i C
2
j | (MN +AiAjC2k)2.
Using identities (2.3), (2.5), and (2.7) to expand the product (MN + AiAjC
2
k)
2, we find that
all terms vanish modulo C2i C
2
j . Similarly, condition (2.9) follows by squaring and applying
identities (2.3), (2.5), and (2.7). 
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Proof of Lemma 2.2. First, we note that ρ = v · C
g1 g2 g3
∈ Z since gi | Ci for i ∈ {1, 2, 3}. Second,
we prove that ψi = v · qigj gk ∈ Z for each i. By the expressions for qi and b, we have
ψi =
v3
gi gj gk
·Nℓi − u v
2 ℓi + v Ci µi
gi gj gk
·M.
Since gi | v, we have that v3gi gj gk ·Nℓi ∈ Z. Furthermore, by identity (2.7) we have(
Mv · u v ℓi + Ci µi
gi gj gk
)2
=
(
Ai
C2j C
2
k v
2
g2i g
2
j g
2
k
+ Aj
C2i C
2
k v
2
g2i g
2
j g
2
k
+ Ak
C2i C
2
j v
2
g2i g
2
j g
2
k
)
(u v ℓi + Ci µi)
2,
which is clearly an integer.
Third, we prove that φi =
v qj qk−ai gj gk
C gi
∈ Z. By the definitions of qi, µi, and ℓi, we have
(C gi gj gk)φi = v (b v ℓj −MCj µj)(b v ℓk −MCk µk)− ai (C3j µj + aj v ℓj)(C3k µk + ak v ℓk).
We expand this expression as a linear combination of ℓj ℓk, µj µk, ℓj µk, ℓk µj, and we prove that
each term is divisible by Cgi gj gk. The first term in the expansion is given by v ℓj ℓk (b
2 v2 −
ai aj ak v). Note that by (2.2), we have that
v ℓj ℓk(b
2 v2 − ai aj ak v) = v ℓj ℓk · (−C2 d),
and since Cgi gj gk | C2, this term is divisible by C gi gj gk. The next term in the expansion is
given by Cj Ck µj µk (M
2 v − ai C2j C2k). By (2.6), we see that
Cj Ck µj µk (M
2 v − ai C2j C2k) = Cj Ck µj µk (aj C2i C2k + ak C2i C2j − 3C2 u),
which is divisible by C gi gj gk. Next, consider the term −(bvM + ai aj C2k) v ℓj Ck µk. Note that
−(bvM + ai aj C2k)v ℓj Ck µk = −((Nv −Mu) vM + (Ai v + C2i u)(Aj v + C2j u)C2k)v ℓj Ck µk.
Using identity (2.7), we see that the right hand side of the above equation is equivalent modulo
C gi gj gk to −(MN + AiAj C2k)v3 ℓj Ck µk. Since gi gj gk | v3 and CiCj | MN + AiAj C2k by
condition (2.8), we have that (Cgi gj gk)φi ≡ 0 (mod Cgi gj gk). The same argument can be
applied to the remaining term, −(bvM + ai ak C2j )v ℓk Cj µj. Thus, we conclude that φi ∈ Z.
Finally, we use a similar strategy to show that θ is an integer. In particular, we show that
(C2 g1 g2 g3)θ is divisible by C
2 g1 g2 g3.We again make the substitutions gi qi = bvℓi−mCi µi and
g2i = C
3
i µi+ai vℓi, and we see that C
2 g1 g2 g3 θ is a linear combination of µi µj µk, ℓi ℓj µk, ℓi ℓj ℓk,
ℓi µj µk and their symmetric counterparts. We show that the coefficients of all such terms are
divisible by C2 g1 g2 g3. First, we consider the µ1 µ2 µ3 term, which by identity (2.6) has coefficient
2bC3 + CM (a1C
2
2 C
2
3 + a2C
2
1 C
2
3 + a3 C
2
1 C
2
3)− CvM3 = 2bC3 + 3C3 uM.
Since C2 g1 g2 g3 | C3, this coefficient is divisible by C2 g1g2 g3. Next, the ℓi ℓj µk term has
coefficient MCk v(−b2v2 + vai aj ak) = MCk v(C2 d), which is also divisible by C2 g1 g2 g3. The
coefficient of ℓ1 ℓ2 ℓ3 can be addressed similarly. Finally, for the ℓi µj µk coefficient, we expand
the coefficient using the definitions of b and ai. It is easy to see that C
2 g1 g2 g3 divides the u
2v
and the uv2 terms using identity (2.7). We now address the v3 term using (2.5) and (2.7):
v3C2C3(A1C
2
2 C
2
3N + A1A2C
2
3M + C
2
2 A1A3M +M
2N)
= v2C2C3
(
(M2N − A2C21 C23N − A3C21 C22N) +M(−2MN + a4 C2 − A2A3C21 ) +M2N
)
= v2C2C3
(−C21 (A2C23 N + A3C22 N + A2A3M) + a4C2M) .
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Because Ai C
2
j N + Aj C
2
i N + AiAj M is divisible by Ci Cj by identity (2.9), we see that this
term is indeed divisible by C2 g1 g2 g3. This concludes the proof that θ is integral. 
Using Lemma 2.2, we are now in a position to prove that Φu,v is a homomorphism.
Proof of Theorem 1.1. Given any three finite points Pi ∈ E(Q) that add to O, we have exhibited
an integral, primitive Bhargava cube associated to the forms Φu,v(Pi). It is easily seen that Φu,v
respects inverses, and so Φu,v is a homomorphism whenever (u, v) is map-suitable. 
We conclude this section by giving conditions on u and v under which Φu,v is injective on the
torsion subgroup, which allow us to identify subgroups of CL(−DE(u, v)) isomorphic to Etor(Q).
Let A0 := max{A : (A,B) ∈ Etor(Q)}; we call a pair (u, v) ∈ Z2 kernel-suitable if v > 1 and
dE(u,v)−uv
v2
> A0.
Corollary 2.4. Suppose (u, v) is kernel-suitable. Then Φu,v restricted to Etor(Q) is injective.
Proof. If P = (A,B) ∈ Etor(Q) is in the kernel of Φu,v, then by Theorem 2.1, we have that
Av + u ≥ dE(u,v)
v
, so dE(u,v)−uv
v2
≤ A, a contradiction. 
3. Lower bound for h(−DE(u, v))
We now use the map Φu,v to obtain an effective lower bound for the class number h(−DE(u, v)).
We will use Propositions 3.2 and 3.3 from [15], which combine to give the following result.
Proposition 3.1 (Griffin-Ono). Let P be a set of r linearly independent points in E(Q), and
let G be a subgroup of Etor(Q). Then for T >
d(P)
4
, we have
#{P ∈ E(Q) : hˆ(P ) ≤ T} ≥ cG(P) · (T r2 − r
√
d(P) · T r−12 ).
Recall the definition of TE(u, v, ε) from (1.4). Additionally, we say that a pair (u, v) ∈ Z2 is
ε-bound-suitable for P if u, v > 0 and
(3.1)
(1
4
(uv + v2)
)1+ε′
e2(1+ε
′)(δ(E)+d(P)) < dE(u, v) < (v
2(uv + v2))1+ε
′
,
where ε′ := ε
1−ε
. By showing that distinct points in E(Q) with canonical height bounded by
TE(u, v, ε) map to distinct elements in the class group under Φu,v, we obtain the following lower
bound for h(−DE(u, v)).
Theorem 3.2. Assume the hypotheses from Proposition 3.1. Fix 0 < ε < 1
2
, and let ε′ := ε
1−ε
.
If −DE(u, v) is a negative fundamental discriminant for which (u, v) ∈ Z2 is map-suitable for E
and ε-bound-suitable for P, then
h(−DE(u, v)) ≥ cG(P) ·
(
TE(u, v, ε)
r
2 − r
√
d(P) · TE(u, v, ε) r−12
)
.
Proof. Suppose that (u, v) is ε-bound-suitable for P. Consider two points P1, P2 ∈ E(Q) with
canonical height bounded by TE(u, v, ε) and Φu,v(P1) = Φu,v(P2). Since Φu,v is a homomorphism
over E(Q), we have Φu,v(P1−P2) = [x2+dy2].We show that if P := P1−P2 maps to the identity,
then P = O.
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Suppose that P 6= O, so in particular P = ( A
C2
, B
C3
) with gcd(A,C) = gcd(B,C) = 1. Note that
the triangle inequality implies hˆ(P ) ≤ 4TE(u, v, ε). By a theorem of Silverman [27, Theorem 1.1],
hW (P ) ≤ 2 (hˆ(P ) + δ(E)− log 2) ≤ 2 (4TE(u, v, ε) + δ(E)− log 2) ≤ log
(
dE(u, v)
1−ε
uv + v2
)
.
In particular, this means that
(3.2) H(P ) = ehW (P ) ≤ dE(u, v)
1−ε
uv + v2
.
Since (u, v) is map-suitable, by Theorem 2.1 we have either va
g2
≥ dE(u, v) or v | C. However,
by the definition of heights and equation (3.2), we have
va
g2
≤ va = v|Av + C2u|≤ H(P )(uv + v2) < dE(u, v).
Thus, we only need to consider the case v | C, which implies that
v ≤ C ≤ max(|A|, C2) 12 = H(P ) 12 .
By (3.2), together with the above, we get v2 ≤ dE(u,v)1−ε
uv+v2
so that we have
dE(u, v) ≥ (v2(uv + v2))1+ε′, where ε′ = ε
1− ε.
However, by assumption, we have dE(u, v) < (v
2(uv + v2))1+ε
′
. Thus, any two rational points
P1 6= P2 with height bounded by TE(u, v, ε) map to distinct forms, and it suffices to count
the number of such points. Since (u, v) is ε-bound-suitable, we have TE(u, v, ε) >
d(P)
4
, so
Proposition 3.1 implies that
h(−D) ≥ #{P ∈ E(Q) : hˆ(P ) ≤ TE(u, v, ε)} ≥ cG(P) · (TE(u, v, ε) r2 − r
√
d(P) · TE(u, v, ε) r−12 ).

4. The Square-free Sieve
In this section, we will show that for any ε2 > 0, the number of negative fundamental dis-
criminants of the form −X < −DE(u, v) < 0 that satisfy the conditions of Theorem 1.2 is
asymptotically greater than X
1
2
−ε2. We study discriminants −X < −DE(x+ ny, y) < 0, where
n ∈ Z+, such that 0 < x, y < λ(n)X 14 for some constant λ(n) > 0 that depends on the coefficients
of the polynomial −DE(u, v). We use the following theorem, which is a special case of Theorem 3
and Proposition 5 of Gouveˆa and Mazur [11].
Theorem 4.1 (Gouveˆa-Mazur). Let F (u, v) = v · f(u, v), where f(u, v) is a homogeneous poly-
nomial of degree 3 with coefficients in Z. Suppose that F (u, v) has no square factors over Z[u, v],
and that the greatest common divisor of all coefficients of F (u, v) is 1. For integers M, a0, b0,
suppose one of the two following conditions holds:
(1) We have M = 2k for k ≥ 2, and a0, b0 are odd integers such that F (a0, b0) 6≡ 0 (mod 4).
(2) The integers a0 and b0 are relatively prime to M and F (a0, b0) is a unit modulo M .
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Finally, let N(Y ) denote the number of pairs of integers (a, b) such that 0 ≤ a, b ≤ Y , a ≡ a0
(mod M) and b ≡ b0 (mod M), and F (a, b) is square-free. Then there exists an A > 0 such that
N(Y ) = AY 2 +O
(
Y 2
log(Y )
1
2
)
as Y →∞.
We recall our three suitability conditions for a pair (u, v) ∈ Z2. First, we say that (u, v) is
map-suitable for E if u, v, dE(u, v), 3u
2 + a4v
2 > 0 (cf. Theorem 2.1). Second, we say that (u, v)
is kernel-suitable for E if v > 1 and dE(u,v)
v
> A0v + u, where A0 := max{A : (A,B) ∈ Etor(Q)}
(cf. Corollary 2.4). Third, we say that (u, v) is ε-bound-suitable for P if
K(uv + v2)1+ε
′
< dE(u, v) < (v
2(uv + v2))1+ε
′
,
where K := (1
4
)1+ε
′
e2(1+ε
′)(δ(E)+d(P)) (cf. Theorem 3.2). We show that for large enough n asymp-
totically one hundred percent of pairs (x+ny, y) with 0 < x, y < Y satisfy all of these suitability
conditions as Y →∞.
Lemma 4.2. Let An(Y ) denote the number of pairs of integers 0 < x, y < Y such that (x+ny, y)
is not simultaneously map-suitable, kernel-suitable, and ε-bound-suitable for 0 < ε < 1
2
. Then
there exists an N > 0 such that for all n > N , we have An(Y ) = Oε(Y
2−ε).
Proof. Let Gn(x, y) := dE(x + ny, y) = y(x
3 + 3nx2y + (3n2 + a4)xy
2 + (n3 + a4n − a6)y3).
There exists a constant N > 0 such that for n > N , each coefficient of Gn(x, y) is positive. In
particular, for n > N and x, y > 0, we have 3(x+ny
y
)2+ a4 > 3n
2+ a4 > 0 and dE(x+ ny, y) > 0,
so (x+ ny, y) is map-suitable for all x, y > 0. For brevity, we write
Gn(x, y) =: y(x
3 + k1(n) x
2y + k2(n) xy
2 + k3(n) y
3).
The remaining suitability conditions are
(1) Gn(x, y) > y(x+ (n + A0) y) and y > 1,
(2) Gn(x, y) > K(y(x+ (n+ 1) y))
1+ε′, and
(3) Gn(x, y) < (y
3(x+ (n+ 1) y))1+ε
′
.
First, consider integer pairs (x, y) which do not satisfy property (1), i.e., y = 0 or
x3 + k1(n) x
2y + k2(n) xy
2 + k3(n) y
3 ≤ x+ (n+ A0) y.
Dividing the inequality by y3 yields(x
y
)3
+ k1(n) ·
(x
y
)2
+
(
k2(n)− 1
y2
)
·
(x
y
)
+
(
k3(n)− n + A0
y2
)
≤ 0,
so the suitability condition fails only if y ≤ max {1, k2(n)− 12 , (n+A0k3(n) )
1
2}. Hence, the number of
integer pairs (x, y) which do not satisfy property (1) is O(Y ).
Second, suppose that Gn(x, y) ≤ K(y(x+(n+1) y))1+ε′. Because x+(n+1) y ≥ 1 and ε′ ≤ 1,
we see that
Gn(x, y) ≤ K y1+ε′(x+ (n+ 1) y)2.
Dividing both sides of the inequality by y4 and simplifying, we get(x
y
)3
+
(
k1(n)− K
y1−ε′
)
·
(x
y
)2
+
(
k2(n)− 2K(n + 1)
y1−ε′
)
·
(x
y
)
+
(
k3(n)− K(n+ 1)
2
y1−ε′
)
≤ 0.
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Thus y is similarly bounded and the number of pairs of integers (x, y) which do not satisfy
property (2) is O(Y ).
Finally, suppose that Gn(x, y) ≥ (y3(x+(n+1) y))1+ε′. Dividing through by y4+4ε′ and setting
t := x
y
, we see that
(4.1)
1
y4ε′
(
t3 + k1(n) t
2 + k2(n) t+ k3(n)
)
− (t + n+ 1)1+ε′ ≥ 0.
First consider the case t ≤ 1, and let C(n) := 1 + k1(n) + k2(n) + k3(n). Then (4.1) implies that
C(n)
y4ε′
− (n+ 1) ≥ 0.
In particular, we have y ≤
(
C(n)
n+1
) 1
4ε′
, so the number of integer pairs (x, y) with x ≤ y which do
not satisfy property (3) is O(Y ). Now consider the case t > 1. Then (4.1) implies that
C(n)
(
t
yε′
)3
− (n+ 1) ≥ 0,
so that y ≤
(
C(n)
n+1
) 1
3+3ε′
x
1
1+ε′ <
(
C(n)
n+1
) 1−ε
3
Y 1−ε. Hence, the number of integer pairs (x, y) with
x > y that do not satisfy property (3) is Oε(Y
2−ε). 
We now apply Theorem 4.1 to count the number of negative fundamental discriminants satis-
fying the suitability conditions in Lemma 4.2. Let E be an elliptic curve with conductor N(E),
and let P be a set of linearly independent points in E(Q). Furthermore, for 0 < ε < 1
2
, let
NY (ε, n) denote the set of pairs (x, y) ∈ Z2 with 0 < x, y < Y such that the following are true.
(1) The pair (x+ ny, y) is map-suitable and kernel-suitable for E.
(2) The pair (x+ ny, y) is ε-bound-suitable for P.
(3) The point (−x
y
− n, 1
y2
) ∈ E−DE(x+ny,y)(Q) has infinite order.
(4) The value −DE(x+ ny, y) is a negative fundamental discriminant.
Finally, for ǫ ∈ {±1}, let MY (ǫ, ε, n) denote the set of elements (x, y) of NY (ε, n) such that
dE(x+ ny, y) is coprime to 4N(E) and χ−dE(x+ny,y)(−N(E)) = ǫ.
Theorem 4.3. There exists a constant A > 0 and an n ∈ Z+ such that as Y →∞, we have
# NY (ε, n) = AY 2 +O
(
Y 2
log(Y )1/2
)
.
Moreover, if N(E) is not a perfect square and 4N(E) | a4, a6, then for ǫ ∈ {±1}, there exists a
constant B > 0 and an n ∈ Z+ such that as Y →∞, we have
#MY (ǫ, ε, n) = B Y 2 +O
(
Y 2
log(Y )1/2
)
.
Proof. By Lemma 4.2, there exists an N ∈ Z+ such that for all n > N , there are o(Y 2) pairs
(x, y) with 0 < x, y < Y such that (x+ny, y) is not map-suitable and kernel-suitable for E as well
as ε-bound-suitable for P. Moreover, by Proposition 1 of [11], only finitely many E−DE(x+ny,y)
can have a torsion point of order greater than 2. Thus, to prove the first assertion, it suffices to
show that the number of integer pairs (x, y) with 0 < x, y < Y such that −DE(x + ny, y) is a
fundamental discriminant is ≫ Y 2.
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We show that we can choose n > N so that the result for NY (ε, n) follows by applying
Theorem 4.1 to Gn(x, y) with M = 4. Observe that
Gn(x,y)
y
is a homogeneous cubic polynomial
with coefficients in Z, and since u 7→ x+ny, v 7→ y is an SL2(Z)-transformation, Gn(x, y) has no
square factors as a polynomial in x, y if and only if dE(u, v) has no square factors as a polynomial
in u, v. Note that dE(u, v) = v(u
3+a4uv
2−a6v3) = −v4((−uv )3+a4(−uv )+a6) has a square factor
only if f(x) = x3 + a4x+ a6 has a double root, which cannot occur since E: y
2 = x3 + a4x+ a6
is non-singular. The greatest common divisor of the coefficients of Gn(x, y) is 1, and one easily
checks that regardless of the values of a4 and a6, there is a choice of a0, b0, n (mod 4) such that
a0 and b0 are odd and Gn(a0, b0) ≡ 1 or 2 (mod 4). This choice of a0 and b0 ensures that
−4Gn(x, y) = −DE(x + ny, y) is a fundamental discriminant, and hence applying Theorem 4.1
proves the first assertion.
To prove the second assertion, observe that in this case, we may choose n ≡ 0 (mod 4N(E)) so
that dE(x+ny, y) ≡ x3y (mod 4N(E)). Note that −DE(x+ny, y) will be a fundamental discrim-
inant if we choose a0 ≡ b0 ≡ 1 (mod 4). Consequently, if we can choose d0 coprime to 4N(E) such
that χ−d0(−N(E)) = ǫ, then dE(x + ny, y) is coprime to 4N(E) with χ−dE(x+ny,y)(−N(E)) = ǫ
for all x and y in the congruence classes x ≡ 1 (mod 4N(E)), y ≡ d0 (mod 4N(E)). If N(E) is
odd, then χ−d0(−N(E)) is uniquely determined by the value of d0 (mod N(E)) and achieves both
signs forN(E) not a square, so we can always choose d0 ≡ 1 (mod 4) such that χ−d0(−N(E)) = ǫ.
Otherwise, write N(E) = 2kN0. The case where k is even reduces to the former case. The case
where k is odd can be addressed by choosing d0 to be in the correct residue class modulo 8 such
that χ−d0(−N0) = −1 and d0 ≡ 1 (mod 4), so unless N(E) is a perfect square, we can always
apply Theorem 4.1 with a0 :≡ 1 and b0 :≡ d0 (mod 4N(E)). 
Proof of Theorem 1.2. We use an argument similar to one used by Gouveˆa and Mazur in [11].
By Theorem 4.3, there exists an n ∈ Z+ such that #Nλ(n)X1/4(ε1, n) = BX
1
2 + o(X
1
2 ), where
λ(n) is chosen so that every −D ∈ {−DE(x + ny, y) : 0 < x, y < λ(n)X1/4} =: DX(n) satisfies
−X < −D < 0. To show that for any ε2 > 0 the discriminants represented by elements of
Nλ(n)X1/4(ε1, n) are also asymptotically at least X 12−ε2 , we consider the fibers of
γ : N
λ(n)X
1
4
(ε1, n)→ DX(n)
(u, v) 7→ −DE(u, v).
We show that the cardinality of the fibers of γ is o(Xε2). Let −D be a negative fundamental
discriminant and (u, v) ∈ γ−1(−D), and observe that D = 4v(u3+a4uv2−a6v3) implies v | D. In
addition, note that for each fixed v, since DE(u, v) is cubic in u, there are at most three choices for
u that giveDE(u, v) = D. Because the number of positive divisors v ofD is o(X
ε2) for any ε2 > 0,
we see that the cardinality of the fibers of γ is o(Xε2). Since for each (x, y) ∈ Nλ(n)X1/4(ε1, n),
(x + ny, y) is map-suitable, kernel-suitable, and ε1-bound-suitable for E, we see that every
discriminant in the image of Nλ(n)X1/4(ε1, n) satisfies the necessary conditions.
To prove the second part of the theorem, let ǫ denote the sign of the functional equation for
the L-function associated to E, and consider the map γ ′ : M
λ(n)X
1
4
(ǫ, ε1, n) → DX(n) where
γ′((u, v)) = −DE(u, v). Then for each −D ∈ Im(γ ′), the sign of the functional equation for
the L-function associated to E−D is equal to χ−D
4
(−N(E)) · ǫ = ǫ2 = 1. Since E−D has a point
of infinite order, assuming the Parity Conjecture, we may conclude that E−D has even rank at
least 2. 
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Appendix A. Discussion of Theorem 1.3 and Explicit Formulas for the Infinite
Families of Elliptic Curves
In this section, we outline how to compute
cmin(P) := |G|√
RQ(P)
· Ωrmin(E)
for each of the torsion groups listed in Table 1, where rmin(E) > 0 is a lower bound for the rank
of a given infinite family of elliptic curves. For simplicity, we consider the case in which the
family of interest is parametrized by only one variable.
For a given infinite family of elliptic curves, we begin by computing the short integral Weier-
strass form Et : y2 = x3 + a4(t) x + a6(t), along with the x-coordinates
ri(t)
si(t)
of the linearly
independent points Pi of infinite order on E
t.5 Since the Ne´ron-Tate height pairing is an inner
product, the matrix (〈Pi, Pj〉)1≤i,j≤r is positive definite and symmetric. Hence, by Hadamard’s
inequality, the product of the diagonal entries 〈Pi, Pi〉 = hˆ(Pi) is an upper bound for RQ(P).
Thus, we have
(A.1) RQ(P) = det(〈Pi, Pj〉)1≤i,j≤r ≤
∏
i
〈Pi, Pi〉 =
∏
i
hˆ(Pi).
To bound this product, we give an upper bound for each na¨ıve height H(Pi). Denote the
coefficient of tk in the polynomial q(t) by q[tk], and set
pi(t) := ci (|t|+mi)ni ,
where ni := max{deg(ri), deg(si)}, ci := max{|ri[tni ]|, |si[tni ]|}, and mi := min{b ∈ Z+ :
ci
(
ni
n
)
bni−n ≥ max{|ri[tn]|, |si[tn]|}, for all 1 ≤ n ≤ ni}. Thus we obtain the upper bound
H(Pi) ≤ pi(t). Likewise, we obtain the bounds
H(j(Et)) ≤ cj (|t|+mj)nj and H(∆(Et)) ≤ c∆ (|t|+m∆)n∆.
We now use these upper bounds to derive an upper bound for hˆ(Pi) using a theorem of Silverman
[27, Theorem 1.1] that relates the na¨ıve heights to the canonical heights.
Theorem A.1 (Silverman). If P ∈ E(Q), then
−1
8
hW (j(E))− 1
12
hW (∆(E))− 0.973 ≤ hˆ(P )− 1
2
hW (P ) ≤ 1
12
hW (j(E)) +
1
12
hW (∆(E)) + 1.07.
Let m := max({mi}ri=1 ∪ {mj, m∆}). Then we have
hˆ(P ) ≤
(
1
12
log(cj) +
1
12
log(c∆) +
1
2
log(ci) + 1.07
)
+
(
1
12
nj +
1
12
n∆ +
1
2
ni
)
log(|t|+m).
Hence, we obtain an upper bound for RQ(P). Finally, we choose µ so that (log(|t|+m) + µ)r
is an upper bound for the product in (A.1). We then take the square root of this monomial to
obtain cmin(P), as listed in Table 1.
We now give explicit formulas, as polynomials in t, for each of the infinite families and the
x-coefficients of their linearly independent points of infinite order. In each case, we list the
coefficients a4 and a6 of the short integral Weierstrass form of the family. In cases where the
explicit formulas are very long, the middle terms of each coefficient are omitted.
5All computations were performed using Sagemath [25].
ON CLASS NUMBERS, TORSION SUBGROUPS, AND QUADRATIC TWISTS OF ELLIPTIC CURVES 15
Torsion structure Z/7Z [22]:
a4(t) =− 27 t16 + 216 t15 + 216 t14 − 4536 t13 + 5292 t12 + 10584 t11 − 58968 t10 − 735480 t9
+ 275454 t8 + 4246344 t7 − 12070296 t6 + 24698520 t5 − 42681492 t4 + 49601160 t3
− 37633896 t2 + 35429400 t− 22851963,
a6(t) = 54 t
24 − 648 t23 + 648 t22 + 17928 t21 − 58644 t20 − 84888 t19 + 646056 t18 − 4663656 t17
+ 18256266 t16 + 63974448 t15 − 301043952 t14 + 402730704 t13 + 609484392 t12
− 2170409904 t11 + 5384487312 t10 − 17208004176 t9 + 38179206954 t8
− 82948098600 t7 + 175384505448 t6 − 284139536472 t5 + 378103265388 t4
− 421713313848 t3 + 353901442248 t2 − 206968634568 t+ 64311801174,
x1(t) = (−6 t22 + 144 t21 − 1107 t20 + 1344 t19 + 17856 t18 − 46080 t17 − 97419 t16 + 95808 t15
+ 729084 t14 − 938592 t13 + 4344762 t12 + 2335680 t11 − 1080216 t10 + 3535488 t9
− 33544206 t8 + 1259712 t7 − 16625574 t6 + 42515280 t5 + 38795193 t4 + 4251528 t2
+ 4782969)/(t14 − 20 t13 + 130 t12 − 196 t11 − 689 t10 + 408 t9 + 3676 t8 + 6552 t7
+ 12015 t6 + 15228 t5 + 13122 t4 + 8748 t3 + 6561 t2).
Torsion structure Z/5Z [22]:
a4(t) =− 13392 t16 − 326592 t15 − 3669408 t14 − 25235712 t13 − 119895552 t12
− 425005056 t11 − 1198927872 t10 − 2856093696 t9 − 6018534144 t8
− 11424374784 t7 − 19182845952 t6 − 27200323584 t5 − 30693261312 t4
− 25841369088 t3 − 15029895168 t2 − 5350883328 t− 877658112,
a6(t) = 637200 t
24 + 22394880 t23 + 379987200 t22 + 4121902080 t21 + 31987249920 t20
+ 188881652736 t19 + 884932591104 t18 + 3405215158272 t17+ 11118565564416 t16
+ 31755215241216 t15+ 81195593564160 t14 + 188013039943680 t13
+ 394944510320640 t12+ 752052159774720 t11+ 1299129497026560 t10
+ 2032333775437824 t9+ 2846352784490496 t8+ 3486940322070528 t7
+ 3624683893161984 t6+ 3094636998426624 t5+ 2096316410757120 t4
+ 1080531898859520 t3+ 398445458227200 t2+ 93930934763520 t+ 10690442035200.
x1(t) =− 154032 t36 − 10755360 t35 − 347892336 t34 − 6933539904 t33 − 95048353488 t32 + · · ·
+ 1719342753676001280 t2+ 165197224026832896 t+ 6878269865459712)/(1369 t28
+ 65712 t27 + 1549264 t26 + 24163072 t25 + 282623648 t24 + 2652225280 t23 + · · ·
+ 83614423318528 t2+ 11438571651072 t+ 754035195904),
x2(t) = (−154032 t28 − 4685976 t27 − 63715536 t26 − 471647808 t25 − 1439201424 t24 + · · ·
+ 2115318369484800 t2+ 409522447319040 t+ 38010460569600)/(1369 t20+ · · ·
+ 136095989760 t3+ 59202863104 t2 + 16706961408 t+ 2316304384).
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Torsion structure Z/6Z [22]:
a4(t) = − 6912 t16 − 165888 t15 − 497664 t14 + 2460672 t13 − 1776384 t12 + 3525120 t11
− 26583552 t10 + 70025472 t9 − 104719392 t8 + 112993920 t7 − 101284992 t6
+ 78096960 t5 − 48930480 t4 + 22938336 t3 − 7410528 t2 + 1472688 t− 137403,
a6(t) = 221184 t
24 + 7962624 t23 + 71663616 t22 − 22560768 t21 − 902098944 t20
− 53747712 t19 + 10510000128 t18 − 32839520256 t17 + 62261955072 t16
− 93877899264 t15 + 107455279104 t14 − 71924557824 t13 + 12838252032 t12
− 27208369152 t11 + 164791729152 t10 − 339694373376 t9 + 418510636704 t8
− 360346071168 t7+ 230767090560 t6 − 112772927808 t5+ 42204313872 t4
− 11886143904 t3+ 2402936928 t2 − 313778448 t+ 20007702.
x1(t) = 786432 t
32 + 10616832 t31 + 24428544 t30 − 117571584 t29 − 390316032 t28 + · · ·
+ 71342292 t3 + 2122251 t2 − 7071174 t+ 1021539)/(16384 t24 + 73728 t23 − · · ·
− 587380 t4 + 20676 t3 + 54281 t2 − 17458 t+ 1849)
x2(t) = (196608 t
36 + 46399488 t34 − 156499968 t33 − 333250560 t32 + 2059075584 t31 − · · ·
− 1590309 t4 + 81876 t3 + 8754 t2 − 2364 t+ 291)/(4096 t28 − 49152 t27 + · · ·
− 4776 t5 − 3023 t4 + 828 t3 − 26 t2 − 12 t+ 1)
Torsion structure Z/2Z× Z/6Z [6]:
a4(t) = −432 t32 + 6912 t31 + 131328 t30 + 241920 t29 − 26732160 t28 − 208099584 t27
+ · · · − 370007504063084160 t4− 23439389397661440 t3+ 89069679711113472 t2
− 32815145156726016 t− 14356626006067632
a6(t) = 3456 t
48 − 82944 t47 − 1244160 t46 + 10589184 t45 + 519519744 t44 + 1869143040 t43
+ · · · − 5914544927216885674380288 t3− 4864442955805010411043840 t2
+ 2270073379375671525153792 t+ 662104735651237528169856
x1(t) = (−149460 t64 + 4782720 t63 + · · · − 754595475165697736213897227800960t
− 165067760192496379796790018581460) /(8281 t48 − 198744 t47 + · · ·
+ 5439374321357041637673192t+ 1586484177062470477654681)
x2(t) = (12 t
44 + 1104 t43 + 42072 t42 + · · · − 616634633947945543728 t
+ 46917852582995856588) / ( t28 + 100 t27 + · · ·+ 62147379532490 t2
− 9688901040700 t+ 678223072849)
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Torsion structure Z/8Z [6]:
a4(t) = −432 t32 + 103680 t31 − 10813824 t30 + 673132032 t29 − 28702814400 t28 + · · ·
+ 6906757855151368623361218048 t3− 3217742357907144457377961344 t2
+ 894674289350979762837592320 t− 108106476629910054676209072
a6(t) = 3456 t
48 − 1244160 t47 + 204415488 t46 − 20663506944 t45 + 1460242992384 t44 + · · ·
+ 432639017215717446206727780589492657536
x1(t) ≈ (3072 t176 − 2211840 t175 + · · ·+ 1.50815169× 10132) /
(256 t160 − 153600 t159 + 45361024 t158 + · · ·+ 2.51234801× 10119)
x2(t) ≈ (867623536069632 t108− 548338074796007424 t107+ · · ·+ 8.08766606× 1093) /
(72301961339136 t92− 37018604205637632 t91+ · · ·+ 1.34728037× 1080)
Torsion structure Z/4Z [22]:
a4(t) = 2401514164751985936 t
208 − 576679648319374005504 t207
+ 29728692182757948107904 t206 + 3773030037840786276859392 t205 + · · ·
+ 1973285346607794535606892659291706928462432841801991784 t2
− 16201946108661132197832718457442800721620398751486208 t
+ 64637937154615530113413735219535869400659124987109
a6(t) = −756304052877013426852608 t260+ 223529864516983968380881920 t259 + · · ·
+ 33974236741338849516432019945859803549465157219219272865291152900992 t2
− 223118729484490747201635226382607839983800889234663319756690963712 t
+ 715779825473030742278148125356347927605310630585796007292735690
x1(t) ≈ (−7.970× 1093 t1170 + 1.162× 1097 t1169 + · · · − 1.910× 10262)/
(2.009× 1085 t1066 − 2.585× 1088 t1065 + · · ·+ 3.504× 10242)
x2(t) ≈ (−1.034450926× 1098 t1170 + 1.43148564× 10101 t1169 + · · · − 4.21468922× 10269)/
(1.514877903× 1088 t1066 − 1.920855330× 1091 t1065 + · · ·+ 1.75848419× 10244)
x3(t) ≈ (−5.70784299× 1087 t1170 + 8.43226823× 1090 t1169 + · · · − 7.17509475× 10242)/
(6.61270023× 1077 t1066 − 9.42221949× 1080 t1065 + · · ·+ 5.928797333× 10213)
x4(t) ≈ (−3.27082641× 10101 t1170 + 4.42907993× 10104 t1169 + · · · − 2.27423580× 10272)/
(6.44095423× 1091 t1066 − 7.95550228× 1094 t1065 + · · ·+ 9.63314658× 10246)
x5(t) ≈ (−1.392008263× 1096 ∗ t1170 + 1.693497943× 1098 ∗ t1169 + · · · − 4.95962984× 10261)/
(1.05935582× 1084 t1066 − 1.15404264× 1087 t1065 + · · ·+ 1.09308376× 10237)
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Torsion structure Z/2Z× Z/4Z [7]:
a4(t) = −6122060450853834672 t48− 142966792984817058048 t47+ · · ·
− 154650734784 t4 − 15664064256 t3 − 1104928128 t2 − 48791808t− 1016496
a6(t) = 3565897021776718849184516736 t
72+ 154014030894600118296837927936 t71+ · · ·
+ 21787608407040 t3 + 982453059072 t2+ 28360627200 t+ 393897600
x1(t) = (10131947145463227607749023437500 t
88+ 271339025466509045445372187500000 t87+ · · ·
+ 105427442368440 t4+ 5251798699296 t3+ 190108786128 t2 + 4449702048 t+ 50564796)/
(718354742082275390625 t64+ 23784620014605937500000 t63+ · · ·
− 54375785728 t5 − 407478816 t4 + 260531936 t3 + 23234512 t2 + 906304 t+ 14161)
x2(t) = (15656952991444841872086300 t
72+ 390188018645974183503385440 t71+ · · ·
+ 40804276749600 t3+ 1820220932496 t2 + 52280395488 t+ 726116604)/
(5273214891779025 t48+ 95577985781871120 t47+ 834389135467504344 t46+ · · ·
+ 195337978996 t4 + 18768979248 t3+ 1286779160 t2 + 56090928 t+ 1168561)
x3(t) = (804264374330335126237500 t
72+ 32248850138172455852973600 t71+ · · ·
+ 42339293388000 t3+ 1842149741616 t2 + 52280395488 t+ 726116604)/
(377222823950625 t48+ 11764305514004400 t47+ 177449628851801064 t46+ · · ·
+ 213869045476 t4 + 19624266448 t3+ 1305372360 t2 + 56090928 t+ 1168561)
x4(t) = (31822104384853609149115200 t
80+ 2625338580490573411680725760 t79+ · · ·
+ 10662660768 t5 − 178452264 t4 − 50672544 t3 − 3101808 t2 − 93120 t− 1164)/
(125451930360963600 t56+ 3188844082676508480 t55+ 40014311433869972736 t54+ · · ·
+ 73474472 t6 + 7709936 t5 + 613820 t4 + 37440 t3 + 1720 t2 + 56 t+ 1)
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Torsion structure Z/2Z [9]:
a4(v, t) = −432 v16 t8 − 7344 v16 t6 − 28512 v15 t7 − 36288 v14 t8 + 2160 v16 t4 + 25056 v15 t5 + · · ·
+ 2399404032v t3 + 3680501760 t4 + 6414336 v2 + 14598144 v t + 21233664 t2 − 2764800
a6(v, t) = −3456 v24 t12 + 145152 v24 t10 + 590976 v23 t11 + 1430784 v22 t12 + 82944 v24 t8 + · · ·
+ 480464732160 v3 t+ 3213991084032 v2 t2 + 10269619126272v t3 + 13296010788864 t4
− 9979822080 v2− 105743646720 v t− 264996126720 t2 + 1769472000
x1(v, t) = (−4800 v40 t16 − 38400 v39 t17 − 153600 v38 t18 − 307200 v37 t19 − 307200 v36 t20 − · · ·
+ 773094113280 v3 t+ 11338713661440 v2 t2 + 49478023249920 v t3 + 65970697666560 t4)/
(400 v32 t12 + 3200 v31 t13 + 12800 v30 t14 + 25600 v29 t15 + 25600 v28 t16 + 320 v32 t11 + · · ·
+ 16777216 v4 + 805306368 v3 t+ 11811160064 v2 t2 + 51539607552v t3 + 68719476736 t4)
x2(v, t) = (−4800 v40 t16 − 38400 v39 t17 − 153600 v38 t18 − 307200 v37 t19 − 307200 v36 t20 + · · ·
+ 773094113280v3t+ 11338713661440v2 t2 + 49478023249920v t3 + 65970697666560 t4)/
(400 v32 t12 + 3200 v31 t13 + 12800 v30 t14 + 25600 v29 t15 + 25600 v28 t16 − 320 v32 t11 + · · ·
+ 16777216v4 + 805306368v3t+ 11811160064v2 t2 + 51539607552v t3 + 68719476736 t4)
x3(v, t) = (47625000 v
40 t20 − 83475000 v40 t18 − 1988175000 v39 t19 − 9376650000 v38 t20 + · · ·
− 2839812243456 v2− 64327117701120 v t− 172276775387136 t2+ 18144559104)/
(1890625 v32 t16 − 5005000 v32 t14 − 78320000 v31 t15 − 326865000 v30 t16 + 4791900 v32 t12 + · · ·
+ 11061621161984 t4 + 354287616 v2+ 12023496704 v t+ 31230787584 t2 + 18939904)
x4(v, t) = (960 v
40 t20 + 192 v40 t19 + 1536 v39 t20 − 2784 v40 t18 − 2496 v39 t19 − 88704 v38 t20 + · · ·
− 44581760532480v− 356654084259840t+ 7215545057280)/
(16 v32 t16 + 32 v32 t15 + 256 v31 t16 − 24 v32 t14 + 352 v31 t15 − 192 v30 t16 − 72 v32 t13 + · · ·
+ 823828414464vt+ 3445637513216 t2− 23085449216v− 184683593728t+ 4294967296)
x5(v, t) = (−300 v40 t16 − 2400 v39 t17 − 9600 v38 t18 − 19200 v37 t19 − 19200 v36 t20 + 1500 v40 t15 + · · ·
− 99368363360256vt− 482410726686720 t2+ 44581760532480 v + 7215545057280)/
(25 v32 t12 + 200 v31 t13 + 800 v30 t14 + 1600 v29 t15 + 1600 v28 t16 + 40 v32 t11 + 480 v31 t12 + · · ·
+ 44174409728v2 − 62277025792vt− 283467841536 t2 + 23085449216v + 4294967296)
x6(v, t) = (960 v
40 t20 − 192 v40 t19 − 768 v39 t20 − 2784 v40 t18 − 10176 v39 t19 − 137088 v38 t20 + · · ·
+ 8020593727242240 t2− 89163521064960 v− 356654084259840 t+ 7215545057280)/
(16 v32 t16 − 32 v32 t15 − 128 v31 t16 − 24 v32 t14 + 224 v31 t15 − 1344 v30 t16 + 72 v32 t13 + · · ·
+ 1802275651584 v t + 3445637513216 t2− 46170898432 v− 184683593728 t+ 4294967296)
x7(v, t) = (960 v
40 t20 + 192 v40 t19 − 2784 v40 t18 + · · ·+ 3092376453120v t3 + 4123168604160 t4)/
(16 v32 t16 + 32 v32 t15 − 24 v32 t14 − 416 v31 t15 − 2496 v30 t16 − 72 v32 t13 − 896 v31 t14 + · · ·
+ 1048576 v4 + 50331648 v3 t + 738197504 v2 t2 + 3221225472 v t3 + 4294967296 t4)
x8(v, t) = (−300 v40 t16 − 2400 v39 t17 + · · · − 1030792151040v + 412316860416)/
(25 v32 t12 + 200 v31 t13 + 800 v30 t14 + 1600 v29 t15 + 1600 v28 t16 + 40 v32 t11 + · · ·
− 15032385536 v t− 64424509440 t2 − 5100273664 v + 1073741824)
20 T. BLUM, C. CHOI, A. HOEY, J. ISKANDER, K. LAKEIN, AND T. MARTINEZ
Torsion structure Z/3Z [22]:
a4(t, 4, 6) = −8.560428446× 1081 t128 + 3.486362406× 1084 t126 − 5.661070611× 1086 t124
+ 5.137009361× 1088 t122 − 2.892873724× 1090 t120 + · · ·+ 2.650066623× 1097 t2
− 5.511427094× 1095
a6(t, 4, 6) = 3.048536266× 10122 t192 − 1.862342924× 10125 t190 + · · ·+ 1.559769186× 10143
x1(t, 4, 6) = (3.957303314× 10158 t268 − 6.844595602× 10161 t266 + 5.444853274× 10164 t264
− 2.634099264× 10167 t262 + · · ·+ 2.421625590× 10219)/(7.408191758× 10117 t204
− 1.059355563× 10121 t202 + 6.840698013× 10123 t200 − 2.625002767× 10126 t198
− 1.668917439× 10122 t197 + · · ·+ 4.779858564× 10171)
x2(t, 4, 6) = (3.957303314× 10158 t268 − 6.844595602× 10161 t266 + 5.452957831× 10164 t264
− 2.644888468× 10167 t262 + · · ·+ 3.664557566× 10219)/(7.408191758× 10117 t204
− 1.083061777× 10121 t202 + 7.157903859× 10123 t200 − 2.815425500× 10126 t198
+ · · ·+ 6.580589612× 10171)
x3(t, 4, 6) = (3.957303314× 10158 t268 − 6.844595602× 10161 t266 + 5.444853274× 10164 t264
− 2.634099264× 10167 t262 − 4.862734312× 10162 t261 + · · ·+ 3.814566208× 10219)/
(7.408191758× 10117 t204 − 1.059355563× 10121 t202 + 6.840698013× 10123 t200
− 2.625002767× 10126 t198 + · · ·+ 7.491853820× 10171)
x4(t, 4, 6) = (3.957303314× 10158 t268 − 6.844595602× 10161 t266 + 5.444853274× 10164 t264
− 2.634099264× 10167 t262 + 8.626322753× 10169 t260 + · · ·+ 1.123170707× 10220)/
(7.408191758× 10117 t204 − 1.059355563× 10121 t202 + 6.840698013× 10123 t200
− 2.625359545× 10126 t198 + · · ·+ 2.489169368× 10172)
x5(t, 4, 6) = (3.957303314× 10158 t268 − 6.844595602× 10161 t266 + 5.444853274× 10164 t264
− 2.634099264× 10167 t262 + 8.626239850× 10169 t260 + · · ·+ 3.592229453× 10219)/
(7.408191758× 10117 t204 − 1.059355563× 10121 t202 + 6.840698013× 10123 t200
− 2.625008204× 10126 t198 + · · ·+ 6.527340718× 10171)
x6(t, 4, 6) = (3.957303314× 10158 t268 − 6.844595602× 10161 t266 + 5.444853274× 10164 t264
− 2.634104226× 10167 t262 + 8.626319357× 10169 t260 + · · ·+ 3.799519932× 10219)/
(7.408191758× 10117 t204 − 1.059355563× 10121 t202 + 6.840698013× 10123 t200
− 2.625010665× 10126 t198 + · · ·+ 6.823384220× 10171)
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a4(2, t, 6) = −5.525622299× 1075 t128 + 2.587528888× 1078 t126 + · · · − 6.191983534× 1089
a6(2, t, 6) = 1.580956451× 10113 t192 − 1.110491344× 10116 t190 + · · ·+ 1.831106928× 10134
x1(2, t, 6) = (1.942872493× 10218 t344 + 7.771489971× 10218 t343 − 3.430927082× 10221 t342
− 1.376256578× 10222 t341 + 2.797892247× 10224 t340 + · · ·+ 3.958028711× 10303)/
(3.560209099× 10186 t268 − 4.730434491× 10189 t266 + 2.831980965× 10192 t264
− 7.595112744× 10187 t263 + · · ·+ 3.513615858× 10256)
x2(2, t, 6) = (7.771489971× 10218 t340 − 1.377033727× 10222 t338 + 1.126224623× 10225 t336
− 5.626979375× 10227 t334 + · · ·+ 2.126913973× 10304)/(8.900522747× 10185 t268
− 1.182608623× 10189 t266 + 7.070933216× 10191 t264 − 2.502126054× 10194 t262+
· · ·+ 9.484479408× 10255)
x3(2, t, 6) = (1.942872493× 10218 t344 − 7.771489971× 10218 t343 − 3.430927082× 10221 t342
+ 1.376256578× 10222 t341 + · · ·+ 4.999662180× 10303)/(3.560209099× 10186 t268
− 4.730434491× 10189 t266 + 7.595112744× 10187 t263 − 1.004813817× 10195 t262+
· · ·+ 4.105769899× 10256)
x4(2, t, 6) = (7.771489971× 10218 t340 − 1.377033727× 10222 t338 + 1.127418324× 10225 t336
− 5.645437572× 10227 t334 + · · ·+ 1.100299125× 10304)/(1.353769510× 10189 t264
− 1.806870332× 10192 t262 + 1.087702759× 10195 t260 − 3.886101844× 10197 t258
+ · · ·+ 1.195300738× 10258)
x5(2, t, 6) = (1.942872493× 10218 t340 − 3.442584317× 10221 t338 + 2.818545810× 10224 t336
− 1.411359393× 10227 t334 + · · ·+ 5.075284321× 10303)/(8.664124863× 10186 t264
− 1.156397013× 10190 t262 + 6.961247896× 10192 t260 − 2.487029054× 10195 t258
+ · · ·+ 1.081505822× 10256)
x6(2, t, 6) = (1.942872493× 10218 t340 − 3.442584317× 10221 t338 + 2.818545810× 10224 t336
− 1.411361829× 10227 t334 + · · ·+ 5.386904655× 10303)/(2.255342790× 10186 t264
− 3.010196305× 10189 t262 + 1.812055139× 10192 t260 − 6.473733069× 10194 t258
+ · · ·+ 2.719309617× 10255)
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a4(2, 4, t) = −1.162261467× 1041 t128 + 3.774611996× 1043 t126 − 4.672440253× 1045 t124
+ · · ·+ 1.454773913× 1056 t2 − 3.116522934× 1054
a6(2, 4, t) = 1.525119497× 1061 t192 − 7.429568792× 1063 t190 + · · ·+ 1.918620930× 1081
x1(2, 4, t) = (8.570492698× 10107 t344 + 3.428197079× 10108 t3431.113722194× 10111 t342
− 4.472029762× 10111 t341 + 6.627829888× 10113 t340 + · · ·+ 5.742851418× 10190)
/(3.424330495× 1093 t268 − 3.321296195× 1096 t266 + 1.433085413× 1099 t264
− 7.305238389× 1094 t263 + · · ·+ 3.501914647× 10161)
x2(2, 4, t) = (3.428197079× 10108 t340 − 4.475457959× 10111 t338 + 2.672715564× 10114 t336
− 9.639576302× 10116 t334 + · · ·+ 3.321122703× 10191)/(8.560826238× 1092 t268
− 8.303240488× 1095 t266 + 3.574038562× 1098 t264 − 8.928982495× 10100 t262
+ · · ·+ 9.902413848× 10160)
x3(2, 4, t) = (8.570492698× 10107 t344 − 3.428197079× 10108 t343 − 1.113722194× 10111 t342
+ 4.472029762× 10111 t341 + · · ·+ 7.386590299× 10190)/(3.424330495× 1093 t268
− 3.321296195× 1096 t266 + 1.433085413× 1099 t264 + 7.305238389× 1094 t263
+ · · ·+ 4.141736278× 10161)
x4(2, 4, t) = (8.570492698× 10107 t340 − 1.118864490× 10111 t338 + 6.694953187× 10113 t336
− 2.424818387× 10116 t334 + · · ·+ 6.824888950× 10190)/(1.526152233× 1094 t264
− 1.489388921× 1097 t262 + 6.476272575× 1099 t260 − 1.642892841× 10102 t258
+ · · ·+ 1.913309738× 10161)
x5(2, 4, t) = (3.428197079× 10108 t340 − 4.475457959× 10111 t338 + 2.677981275× 10114 t336
− 9.699273547× 10116 t334 + · · ·+ 1.725797694× 10191)/(3.090458272× 1095 t264
− 3.016012566× 1098 t262 + 1.311453871× 10101 t260 − 3.326956474× 10103 t258
+ · · ·+ 2.944432739× 10162)
x6(2, 4, t) = (8.570492698× 10107 t340 − 1.118864490× 10111 t338 + 6.694953187× 10113 t336
− 2.424831024× 10116 t334 + · · ·+ 8.319189310× 10190)/(1.977893294× 1093 t264
− 1.930248042× 1096 t262 + 8.393071594× 1098 t260 − 2.129006900× 10101 t258
+ · · ·+ 2.551049980× 10160)
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Torsion structure Z/2Z× Z/2Z [19]:
a4(t) = −12721576540718270137970021449556796899328 t432
+ 2747860532795146349801524633104268130254848 t431+ · · ·
+ 164203951698937150624470487583683549360598856628815216349544448t
− 506802320058447995754538541924949226421601409348195112189952
a6(t) = −506802320058447995754538541924949226421601409348195112189952 t648
+ 164203951698937150624470487583683549360598856628815216349544448 t647+ · · ·
+ 164203951698937150624470487583683549360598856628815216349544448t
− 506802320058447995754538541924949226421601409348195112189952
x1(t) = (115468161342096401229627562130250530862187883309668761600000000 t
738+ · · ·
+ 96761594363985619273956695223109463315644337985945600000000) /
(891445725118181323637981077464678400000000 t522+ · · ·
+ 1914227611820938140272824837734400000000)
x2(t) = (96761594363985619273956695223109463315644337985945600000000 t
738+ · · ·
+ 3214997991792894971178119903670159443411009466374553600000000) /
(1914227611820938140272824837734400000000 t522+ · · ·
+ 181877391163095406458805053030400000000)
x3(t) = (3214997991792894971178119903670159443411009466374553600000000 t
738+ · · ·
+ 115468161342096401229627562130250530862187883309668761600000000) /
(181877391163095406458805053030400000000 t522+ · · ·
+ 891445725118181323637981077464678400000000)
x4(t) = (6047599647749101204622293451444341457227771124121600000000 t
696+ · · ·
+ 6047599647749101204622293451444341457227771124121600000000) /
(119639225738808633767051552358400000000 t480+ · · ·
+ 119639225738808633767051552358400000000)
x5(t) = (3214997991792894971178119903670159443411009466374553600000000 t
732+ · · ·
+ 3214997991792894971178119903670159443411009466374553600000000) /
(181877391163095406458805053030400000000 t516
+ · · ·+ 181877391163095406458805053030400000000)
x6(t) = (115468161342096401229627562130250530862187883309668761600000000 t
678+ · · ·
+ 115468161342096401229627562130250530862187883309668761600000000) /
(891445725118181323637981077464678400000000 t462+ · · ·
+ 891445725118181323637981077464678400000000)
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